In this note, we prove the global well posedness and the local energy decay for semilinear wave equation with small data.
Introduction and position of the problem
The aim of this note is to study the following nonlinear wave equation, u + λu |u| p−1 = 0, in R × R 3 , u(0, x) = f (x) ∈ C 1 (R 3 ) and ∂ t u(0, x) = g(x) ∈ C 0 (R 3 ), (1.1) where = ∂ 2 t − ∆ and λ ∈ R. We assume that | f (x)| ≤ ε (1+|x|) p−1 and |g(x)| + |∇f (x)| ≤ ε (1+|x|) p , for some ε > 0. We notice that a large amount of works have been devoted to the existence and uniqueness of solutions to systems of type (1.1) . In addition to the works of Pecher [1] and John [2] , we have the result of Li [3] who obtained in particular the existence and uniqueness for system (1.1)
The main purpose of this note is to study the local energy decay of the solutions of (1.1). The global energy of u at time t is defined by
which is time independent. We also define the local energy by
where Bρ = B R 3 (0, ρ).
For the literature we essentially quote the result of Lin [4] who obtained a super-exponential decay of solutions of a semilinear wave equation when the initial data decays sufficiently rapid at infinity and 1 < p < 5. We also mention the results of C. Morawetz and Strauss [5, 6] who obtained a various rates of decay (from polynomial to exponential) in free space. Now, we define the following functional space which is inspired from the space introduced in [1] .
where we denoted
We then prove the global well posedness and the local energy decay for (1.1). 
holds for every u solution of (1.1). 
Fundamental lemmas
In this section, we give some preliminary lemmas.
Lemma 2.1 ([1]). If h is a continuous function and r = |x| then
Then for some C = C (p) the following inequality holds
Proof. The region of integration is divided into three parts as follows:
We just treat the first case and we note that the other cases can be treated in the same way.
Whereas in the case 1 + t − r ≥ 1+t+r 2
i.e 1 + t ≤ 3r one estimates by
This completes the proof of Lemma 2.2.
Remark 2.1. As a direct consequence of Lemma 2.2 we define
Note that · V p is an algebra norm. 
and take ε > 0 and k > 2 such that
Proof. According to the classical representation formula, we have
We treat the first term as follows 
Finally the second and third terms can be handled in the same way. The proof of Lemma 2.3 is achieved.
Proof of Theorem 1.1: Existence and decay of the local energy
We denote by
where u satisfies (1.1).
In order to run a fixed point theorem we estimate for u ∈ V p
Consequently one proves
On the other hand
and one easily verifies
Then we write
It is easy to check that
, we deduce that
Similarly to the proof of Lemma 2.3 and in order to estimate the second term of the last inequality, we distinguish the two following cases: 
and we obtain
Finally we write
The rest of the proof is standard. The estimates (3.1), (3.2) and (3.5) show that for an arbitrary given R one has Consequently, we have
Thus, we deduce that
We then conclude that (u n ) converges in X p δ,R to u which is the unique solution of the system (1.1). Finally as u in X This gives the energy decay.
